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Singularity transition in a Yukawa-Reissner-Nordstro¨m spacetime
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1Universidade Federal do Maranha˜o - UFMA, Curso Interdisciplinar em Cieˆncia e Tecnologia - CCCT,
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A screened charge by a Yukawa potential implies that the corresponding electric field is assimptot-
ically zero far away from a small radius scaling. Considering a screened charge, we have a modified
metric of type Yukawa-Reissner-Nordstro¨m spacetime, that assimptotically decays from a Reissner-
Nordstro¨m spacetime to a Schwarzschild spacetime. This implies that the singularity is screened
by distance reducing from two singularities to one single singularity for a suitable distance. We
consider the tetrad fields associated to the Yukawa-Reissner-Nordstro¨m spacetime and show that
a linear motion in the proper time lead to suitable estimatives to the Yukawa screening parameter
associated to a Schwarzschild radius.
PACS numbers: 04.62.+v, 03.67.-a, 04.70.Dy
I. INTRODUCTION
In supersymmetric theories the mass of a given state is bounded below the values of some charges, in a Schwarzschild
(M ≥ 0), in a Reissner-Nordstro¨m (M ≥ |Q|) corresponding to absence of naked singularities. Extreme dilaton black
holes, with electric and magnetic charges, satisfy M ≥ 1√
2
(|Q| + |P |), corresponding to a supersymmetry bound of
a N = 4, d = 4 supergravity, the Bekenstein-Hawking entropy is given by S = 2pi|PQ|. In its extremal limit, the
thermal description breaks down and consequently there is no Hawking radiation,the black hole cannot continue to
evatorate by emitting (uncharged) elementary particles, what would violate the supersymmetric positivity bound [1].
This is an important for the theories of last stages of black hole evaporation, in a Schwarzschild black hole, this occurs
when the mass of the black hole achieves the Planck mass
Mp =
√
~c/G. (1)
In the case of a Reissner-Nordstro¨m black hole, the evaporation stops when the Planck mass achieves the absolute
value of its charge Mp = |Q|, for a large charge, the last stages of evaporation occur for a mass much greater than
Planck mass. In this case, however, the black hole can discharge by the creation of pairs of charged elementary particles
[2]. In order to study only the quantum gravity effects, separated from pair productions, it is possible to consider the
electric and magnetic fields not produced by charged particles, but originating from the singularity or from the infinity.
In this case, by embedding the original bosonic theory in a supersymmetric theory, the extremal Reissner-Nordstro¨m
black hole can be embedded in N = 2 supergravity, vanishing any higher order quantum corrections if the theory is
free from anomalies. Since a N = 2 supergravity has a one-loop anomaly, a supersymmetric embedding of charged
dilaton black holes is achieved in d = 4, N = 4 supergravity, where the anomalies can be cancelled.
Extremal Bogomol’nyi-Prasad-Sommerfield (BPS) black holes in N = 8 supergravity have been associated to mas-
sive representations of a N = 8 supersymmetry algebra, with three categories according to the black hole background
according to preservation of 1/2, 1/4 or 1/8 from the original supersymmetry state [4, 21]. An important point in the
study of extremal black holes is the classification of BPS states preserving the supersymmetry states and its parallel
to the groups and orbits of timelike, lightlike and spacelike vectors in Minkowski space [21]. The string-theoretic
interpretation of black holes given in terms of Dp-branes wrapping around compactified dimensions associated to
qubits from quantum information (QI) lead to the so-called black hole qubit correspondence (BHQC) [5–14, 20].
Important achievements have been realized in this context, associated with the black hole entropy emerging from
the solution of N = 2 supergravity STU model of string compactification and tripartite entanglement measurement
[15, 16], black hole configurations in STU supergravity [17], classifications of entanglement state [18], identification of
the Hilbert space for qubits associated to the wrapped branes inside the cohomology of the extra dimensions [7, 19]
and association to quantum circuits [22].
A Reissner-No¨rdstrom spacetime is an important generalization of a Schwarzschild metric in the presence of charge
and absence of spin. This configuration is a solution of Einstein-Maxwell field equations, corresponding to the
gravitational field caused by a charged non-rotating mass [3]. An important aspect of this gravitational scenario is
the absence of a single horizon by the presence of a double singularity [23–25]. In the tereparallel formalism [27–29]
2the description of such a spacetime is appropriate the use of tetrad fields. When a screened charge is introduced via
a Yukawa type singularity, the electric field is reduced to zero for large distances.
Here we consider a (3 + 1)-dimensional Yukawa-Reissner-Nordstro¨m spacetime described by the corresponding
Reissner-Nordstro¨m metric with screened charge
ds2 =
(
1−
RS
r
+
R20
r2
e−µr
)
c2dt2 −
1(
1− RS
r
+
R2
0
r2
e−µr
)dr2 − r2dθ2 − r2 sin2 θdϕ2, (2)
where the Schwarzschild radius in Schwarzschild metric, RS = 2GM/c
2 is complemented by a contribution of charge
parameter Q(r) = Q0e
−µr, with charge radius
RQ(r) = R0e
−µr =
√
Q20G
4piε0c4
e−µr. (3)
and associated screened electric field is given by
E(r) =
−Q0e−µr
4piε0r2
rˆ (4)
The Reissner-Nordstro¨m classification of sigularities comes from roots of the equation
R2±(r) −RSR±(r) +R
2
Q = 0, (5)
where the sigularities are given by
R±(r) =
RS
2
±
√(
RS
2
)2
− R20e
−2µr. (6)
A consequence is that there is more than one singularity, whose origin is the presence of charge. The Schwarzschild
radius can be rewritten in terms of
R+(r) +R−(r) = RS , (7)
In terms of these singularities the radius can be written
RQ(r) =
√
R+(r)R−(r). (8)
Consequently
R+(r)R−(r) = R20e
−2µr. (9)
The metric can be rewritten as
ds2 =
(r −R+(r))(r −R−(r))
r2
c2dt2 −
r2
(r −R+(r))(r −R−(r))
dr2 − r2dθ2 − r2 sin2 θdϕ2. (10)
or in a explicit way, the Yukawa-Reissner-Nordstro¨m spacetime is given by
ds2 =
(
r −
[
RS
2
+
√(
RS
2
)2
−R20e
−2µr
])(
r −
[
RS
2
−
√(
RS
2
)2
−R20e
−2µr
])
r2
c2dt2
−
r2(
r −
[
RS
2
+
√(
RS
2
)2
−R20e
−2µr
])(
r −
[
RS
2
−
√(
RS
2
)2
−R20e
−2µr
])dr2
− r2dθ2 − r2 sin2 θdϕ2, (11)
Notice that as r →∞, the spacetime is driven assimptotically to a Schwarzschild spacetime.
3FIG. 1. (Color online) Description of the double singularity and the transition to a single singularity due to Yukawa screening.
II. YUKAWA-REISSNER-NORDSTRO¨M TETRAD FIELDS
We can write the metric in terms of tetrads fields eaµ(x), relating the curved spacetime metric to the flat matric
by means of the relation gµν = e
a
µ(x)e
b
ν(x)ηab, where (ηab) = (η
ab) = diag(+ − −−), ηabηac = δcb and e
a
µ(x) satisfy
eµa(x)e
b
µ(x) = ηab, e
a
µ(x) = g
µνeaµ(x), e
µ
a(x) = gµνe
ν
a(x). We metric can then be rewritten in the following manner
ds2 = eaµ(x)e
b
ν(x)ηabdx
µdxν (12)
In this form, we can write the metric in terms of a non-coordinate basis Θˆa = eaµ(x)dx
µ, as follows ds2 =
ηabe
a
µ(x)dx
µebν(x)dx
ν = ηabΘˆ
aΘˆb. We now have
ds2 = Θˆ0Θˆ0 − Θˆ1Θˆ1 − Θˆ2Θˆ2 − Θˆ3Θˆ3 (13)
The correspondence with the differential terms in the metric will lead to
Θˆ0(r)Θˆ0(r) =
(
r −
[
RS
2
+
√(
RS
2
)2
−R20e
−2µr
])(
r −
[
RS
2
−
√(
RS
2
)2
−R20e
−2µr
])
r2
c2dt2, (14)
Θˆ1(r)Θˆ1(r) =
r2(
r −
[
RS
2
+
√(
RS
2
)2
−R20e
−2µr
])(
r −
[
RS
2
−
√(
RS
2
)2
−R20e
−2µr
])dr2 (15)
Θˆ2(r)Θˆ2(r) = r2dθ2 (16)
Θˆ3(r, θ)Θˆ3(r, θ) = r2 sin2 θdϕ2 (17)
Consequently, the non-vanishing contributions are given by
Θˆ0(r) =
√(
r −
[
RS
2
+
√(
RS
2
)2
−R20e
−2µr
])(
r −
[
RS
2
−
√(
RS
2
)2
−R20e
−2µr
])
r
cdt, (18)
Θˆ1(r) =
r√(
r −
[
RS
2
+
√(
RS
2
)2
−R20e
−2µr
])(
r −
[
RS
2
−
√(
RS
2
)2
−R20e
−2µr
])dr (19)
Θˆ2(r) = rdθ (20)
Θˆ3(r, θ) = r sin θdϕ. (21)
4The associated non-zero tetrad fields and their derivatives are given by
e00(r) =
√(
r −
[
RS
2
+
√(
RS
2
)2
−R20e
−2µr
])(
r −
[
RS
2
−
√(
RS
2
)2
−R20e
−2µr
])
r
, (22)
e11(r) =
r√(
r −
[
RS
2
+
√(
RS
2
)2
−R20e
−2µr
])(
r −
[
RS
2
−
√(
RS
2
)2
−R20e
−2µr
]) , (23)
e22(r) = r, (24)
e33(r, θ) = r sin θ, (25)
de00(r)
dr
= −
√(
r −
[
RS
2
+
√(
RS
2
)2
−R20e
−2µr
])(
r −
[
RS
2
−
√(
RS
2
)2
−R20e
−2µr
])
r2
+

1− µR20e−2µr√(
RS
2
)
2−R2
0
e−2µr

(r − [RS
2
−
√(
RS
2
)2
−R20e
−2µr
])
2r
√(
r −
[
RS
2
+
√(
RS
2
)2
−R20e
−2µr
])(
r −
[
RS
2
−
√(
RS
2
)2
−R20e
−2µr
])
+
(
r −
[
RS
2
+
√(
RS
2
)2
−R20e
−2µr
])1 + µR20e−2µr√(
RS
2
)
2−R2
0
e−2µr


2r
√(
r −
[
RS
2
+
√(
RS
2
)2
−R20e
−2µr
])(
r −
[
RS
2
−
√(
RS
2
)2
−R20e
−2µr
])
(26)
de11(r)
dr
=
1√(
r −
[
RS
2
+
√(
RS
2
)2
−R20e
−2µr
])(
r −
[
RS
2
−
√(
RS
2
)2
−R20e
−2µr
]) ,
−
1
2
r

1− µR20e−2µr√(
RS
2
)
2−R2
0
e−2µr

(r − [RS
2
−
√(
RS
2
)2
−R20e
−2µr
])
[√(
r −
[
RS
2
+
√(
RS
2
)2
−R20e
−2µr
])(
r −
[
RS
2
−
√(
RS
2
)2
−R20e
−2µr
])]3 ,
−
1
2
r
(
r −
[
RS
2
+
√(
RS
2
)2
−R20e
−2µr
])1 + µR20e−2µr√(
RS
2
)
2−R2
0
e−2µr


[√(
r −
[
RS
2
+
√(
RS
2
)2
−R20e
−2µr
])(
r −
[
RS
2
−
√(
RS
2
)2
−R20e
−2µr
])]3 ,
(27)
de22(r)
dr
= 1, (28)
∂e33(r, θ)
∂r
= sin θ, (29)
∂e33(r, θ)
∂θ
= r cos θ. (30)
5Taking the exterior derivatives, dΘˆa = ∂µe
a
ν(x)dx
µ ∧ dxν , explicitly, we have
dΘˆ0 = −
√(
r −
[
RS
2
+
√(
RS
2
)2
−R20e
−2µr
])(
r −
[
RS
2
−
√(
RS
2
)2
−R20e
−2µr
])
r2
dr ∧ cdt
+

1− µR20e−2µr√(
RS
2
)
2−R2
0
e−2µr

(r − [RS
2
−
√(
RS
2
)2
−R20e
−2µr
])
2r
√(
r −
[
RS
2
+
√(
RS
2
)2
−R20e
−2µr
])(
r −
[
RS
2
−
√(
RS
2
)2
−R20e
−2µr
])dr ∧ cdt
+
(
r −
[
RS
2
+
√(
RS
2
)2
−R20e
−2µr
])1 + µR20e−2µr√(
RS
2
)
2−R2
0
e−2µr


2r
√(
r −
[
RS
2
+
√(
RS
2
)2
−R20e
−2µr
])(
r −
[
RS
2
−
√(
RS
2
)2
−R20e
−2µr
])dr ∧ cdt
(31)
dΘˆ1 = 0 (32)
dΘˆ2 = dr ∧ dθ (33)
dΘˆ3 = sin θdr ∧ dϕ+ r cos θdθ ∧ dϕ (34)
As a consequence we can use the Maurer-Cartan structure equations in absence of torsion, dΘˆa+ωaµb(x)dx
µ ∧ Θˆb = 0
and write explicitly in this case ,
dΘˆ0 + ω0µ0(x)dx
µ ∧ Θˆ0 + ω0µ1(x)dx
µ ∧ Θˆ1 + ω0µ2(x)dx
µ ∧ Θˆ2 + ω0µ3(x)dx
µ ∧ Θˆ3 = 0, (35)
dΘˆ1 + ω1µ0(x)dx
µ ∧ Θˆ0 + ω1µ1(x)dx
µ ∧ Θˆ1 + ω1µ2(x)dx
µ ∧ Θˆ2 + ω1µ3(x)dx
µ ∧ Θˆ3 = 0, (36)
dΘˆ2 + ω2µ0(x)dx
µ ∧ Θˆ0 + ω2µ1(x)dx
µ ∧ Θˆ1 + ω2µ2(x)dx
µ ∧ Θˆ2 + ω2µ3(x)dx
µ ∧ Θˆ3 = 0, (37)
dΘˆ3 + ω3µ0(x)dx
µ ∧ Θˆ0 + ω3µ1(x)dx
µ ∧ Θˆ1 + ω3µ2(x)dx
µ ∧ Θˆ2 + ω3µ3(x)dx
µ ∧ Θˆ3 = 0. (38)
III. LINEAR MOTION IN A PROPER TIME
Considering a motion is a proper time, we can write
c2 =
(
ds
dτ
)2
=
(
r −
[
RS
2
+
√(
RS
2
)2
−R20e
−2µr
])(
r −
[
RS
2
−
√(
RS
2
)2
−R20e
−2µr
])
r2
c2
(
dt
dτ
)2
−
r2(
r −
[
RS
2
+
√(
RS
2
)2
−R20e
−2µr
])(
r −
[
RS
2
−
√(
RS
2
)2
−R20e
−2µr
]) (dr
dτ
)2
− r2
(
dθ
dτ
)2
− r2 sin2 θ
(
dϕ
dτ
)2
, (39)
We can choose a linear motion where the angular velocities ϕ and θ are constant
dϕ
dτ
= 0, (40)
dθ
dτ
= 0. (41)
6c2 =
(
r −
[
RS
2
+
√(
RS
2
)2
−R20e
−2µr
])(
r −
[
RS
2
−
√(
RS
2
)2
−R20e
−2µr
])
r2
c2
(
dt
dτ
)2
−
r2(
r −
[
RS
2
+
√(
RS
2
)2
−R20e
−2µr
])(
r −
[
RS
2
−
√(
RS
2
)2
−R20e
−2µr
]) (dr
dτ
)2
(42)
Notice that the presence of charge implies that the Schwarzschild radius is not a sigularity. This implies that the
linear motion can be realized in the Schwarzschild radius, that is close to the sigularity if the charge radius is small.
The components U2 and U3 of the four velocity are zero.
U0 =
dt
dτ
6= 0, (43)
U1 =
dr
dτ
6= 0. (44)
we can rewrite (39) as follows
1 =
(
r −
[
RS
2
+
√(
RS
2
)2
−R20e
−2µr
])(
r −
[
RS
2
−
√(
RS
2
)2
−R20e
−2µr
])
r2
(
U0
)2
−
r2(
r −
[
RS
2
+
√(
RS
2
)2
−R20e
−2µr
])(
r −
[
RS
2
−
√(
RS
2
)2
−R20e
−2µr
]) 1
c2
(
U1
)2
. (45)
We can then define
coshλ = U0
√√√√√√√


(
r −
[
RS
2
+
√(
RS
2
)2
−R20e
−2µr
])(
r −
[
RS
2
−
√(
RS
2
)2
−R20e
−2µr
])
r2

 (46)
sinhλ = U1
√√√√√√√

 r2(
r −
[
RS
2
+
√(
RS
2
)2
−R20e
−2µr
])(
r −
[
RS
2
−
√(
RS
2
)2
−R20e
−2µr
]) 1
c2

 (47)
We can then write
tanhλ =
U1
U0
1
c
r2(
r −
[
RS
2
+
√(
RS
2
)2
−R20e
−2µr
])(
r −
[
RS
2
−
√(
RS
2
)2
−R20e
−2µr
]) (48)
On the other hand the velocity can be written
v(r) =
U1
U0
=
dr
dt
. (49)
We then have
tanhλ =
v
c
r2(
r −
[
RS
2
+
√(
RS
2
)2
− R20e
−2µr
])(
r −
[
RS
2
−
√(
RS
2
)2
−R20e
−2µr
]) (50)
We can rewrite this expression
tanhλ =
v
c
r2(
r − RS
2
−
√(
RS
2
)2
−R20e
−2µr
)(
r − RS
2
+
√(
RS
2
)2
−R20e
−2µr
) (51)
7and
tanhλ =
v(r)
c
=
r2(
r − RS
2
)2
−
(
RS
2
)2
+R20e
−2µr
(52)
As a consequence
β(r) = v(r)/c =
R20e
−2µr − rRS
r2
tanhλ(r) (53)
In particular, in the case β(rc) = 1, we have the relation, we can write
λ(rc) =
1
2
ln
(
R20e
−2µrc − rcRS + r2c
R20e
−2µrc − rcRS − r2c
)
(54)
For a Schwarzschild radius, this relation reduces
λ(RS) =
1
2
ln
(
R20e
−2µRS
R20e
−2µRS − 2R2S
)
. (55)
We then have for suficiently large r and for a
lim
r→R>>0
β(R) =
−RS
R
tanhλ(R). (56)
In the case of a Schwarzschild radius, we have
β(RS) =
[(
R0
RS
)2
e−2µRS − 1
]
tanhλ(RS). (57)
In particular, β(RS) = 1 will lead to a reference scaling for the Yukawa screening
µ = −
1
2RS
ln
[(
RS
R0
)2 (
β(RS)
tanhλ(RS)
+ 1
)]
. (58)
IV. TETRAD FIELDS IN THE PROPER TIME
We simplify the non-coordinate basis in the following form
Θˆ0(r) =
√
1 +
(
R0
r
)2
e−2µr −
(
RS
r
)
cdt, (59)
Θˆ1(r) =
1√
1 +
(
R0
r
)2
e−2µr −
(
RS
r
)dr (60)
Θˆ2(r) = rdθ (61)
Θˆ3(r, θ) = r sin θdϕ. (62)
In the proper time, the non-coordinate basis are reduced to
Θˆ0(τ, r) =
√
1 +
(
R0
r
)2
e−2µr −
(
RS
r
)
cU0dτ, (63)
Θˆ1(τ, r) =
1√
1 +
(
R0
r
)2
e−2µr −
(
RS
r
)U1dτ (64)
We can then write
Θˆ1(τ, r)
Θˆ0(τ, r)
=
β(r)
1 +
(
R0
r
)2
e−2µr −
(
RS
r
)dτ (65)
8We can also write
c2dτ2 = Θˆ0(τ, r)Θˆ0(τ, r) − Θˆ1(τ, r)Θˆ1(τ, r) (66)
We then have
c2dτ2
Θˆ0(τ, r)Θˆ0(τ, r)
= 1−
Θˆ1(τ, r)Θˆ1(τ, r)
Θˆ0(τ, r)Θˆ0(τ, r)
(67)
and then
(U0(r))−1 = 1 +
(
R0
r
)2
e−2µr −
(
RS
r
)
−
β(r)2[
1 +
(
R0
r
)2
e−2µr −
(
RS
r
)] . (68)
We then
(U0(RS))
−1e−2µRS =
(
R0
RS
)2
e−4µRS −
β(RS)
2(
R0
RS
)2 . (69)
We can then also write the screening scale in the following form
µ± = −
1
2RS
ln

 (U0(RS))−1 ±
√
(U0(RS))−2 + 4β(RS)2
2
(
R0
RS
)2

 . (70)
In this case, the screening behaviour is due to µ+ while µ− is a complex solution.
V. CONCLUSIONS
The Reissner-Nordstrom spacetime is an important extension of the Schwarzschild spacetime, where it is considered
an aditional contribution of charge. A Yukawa-type electric field implies that the charge is screened at a large distance
and the electric field has a finite range. As a consequence, the Yukawa-Reissner-Nordstro¨m spacetime can be used for
studying the singularity transition from a Reissner-Nordstro¨m spacetime to a Schwarzschild spacetime, with reduction
of the double singularites at large scale.
We considered the tetrad fields associated to Yukawa-Reissner-Nordstro¨m spacetime and gave estimatives of the
Yukawa screening parameter in the Schwarzschild radius in the cases of linear motion in the proper time under constant
angular velocities and considering the tetrad fields in the proper time.
Implications in the cosmic censorship hypothesis and the behaviour of naked sigularities can be studied in the
scenario of Yukawa-Reissner-Nordstro¨m spacetime. This also can lead to another route in the case of extremal black
holes, as the Yukawa screening of charge lead to a correction in a extremal black hole relation in [2], implying a
screening in the in the Mass-Charge relation
M2(r) =
Q20e
−2µr
1 + a2
. (71)
In this case, the singularity can be viewed as a dynamical entity as a result of transition from a Reissner-Nordstro¨m
to a Schwarzschild singularity in the presence of a Yukawa screening.
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